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Abstract
Wall (1961), defined the virtual Euler Characteristic χ(Γ ) of an arbitrary group Γ of finite
homological type as χ(Γ ) = χ(Γ ′)/[Γ : Γ ′] ∈ Q, where Γ ′ is any torsion free subgroup of finite
index in Γ . Analogous to virtual Euler Characteristic, we define the Virtual signature of an oriented
virtual Poincare Duality group, a rational number. We show that two of Ken Brown’s results on
questions regarding the integrality property of virtual Euler Characteristics when formulated in the
Virtual signature case is false. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let Γ be a group of finite homological type. The virtual Euler characteristic of Γ is
defined as χ(Γ ) = χ(Γ ′)/[Γ : Γ ′] ∈ Q, where Γ ′ is any torsion free subgroup of finite
index in Γ . The most obvious integrality statement that one can make is that d · χ(Γ ) ∈ Z
where d = gcd{[Γ : Γ ′] : Γ ′ is a torsion free subgroup of finite index in Γ } [2, p. 256,
9.1]. Brown improved this integrality statement to the following theorem:
Theorem 1.1 (Brown [1, p. 243, Corollary 1 of Theorem 5].). Let Γ be a group of finite
homological type and let m be the least common multiple of the orders of finite subgroups
of Γ . Then m · χ(Γ ) ∈ Z.
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Furthermore, he proved the following theorem that gives the fractional part of χ(Γ ) in
terms of the Euler characteristics of subgroups of Γ of the form N(H0) ∩ · · · ∩ N(Hn),
where H0 ⊂ · · · ⊂ Hn is a chain of non-trivial finite subgroups, and N(H) denotes the
normalizer of H .
Theorem 1.2 (Brown [1, p. 243, Corollary 2 of Theorem 5]). Let Γ be a group of
finite homological type. Assume that Γ has only finitely many conjugacy classes of finite
subgroups and that the normalizer N(H) of each finite subgroupH has finite homological
type. Let S be the set of non-trivial finite subgroups of Γ , regarded as a partially ordered
set under inclusion with Γ acting on it by conjugation, and |S| is the ordered simplicial
complex of S [2, p. 262]. Then the equivariant Euler characteristic of |S| [2, p. 250],
namely χΓ (|S|) is defined and
χ(Γ )≡ χΓ
(|S|) mod Z.
Analogous to the definition of virtual Euler characteristic, we define the Virtual signature
of an oriented virtual Poincare Duality group Γ (abbreviated oriented VPD group)
(Definition 2.1) and then it is natural to ask whether the Theorems 1.1 and 1.2 are true
when formulated in the Virtual signature case. We prove the contrary and our main result
is the following:
Theorem 1.3. There exists an oriented virtual Poincare Duality group Γ satisfying
(i) m · SignΓ is not an integer;
(ii) Let S be the set of non-trivial finite subgroups of Γ , regarded as a partially ordered
set under inclusion with Γ action on it by conjugation. Then the equivariant
signature of Γ (Definition 2.8) namely SignΓ (|S|) is defined, SignΓ is non-zero
satisfying
SignΓ 6≡ SignΓ
(|S|) mod Z.
We consider an example of a finite group G acting effectively on a 4-manifold
M , a hypersurface in CP 3. Using Davis–Januszkiewicz’s hyperbolization technique G-
equivariantly we obtain a manifold A(M), the asphericalization of M , with effective G
action. We construct group Γ which is a ‘group of liftings’ of the G action on A(M). We
prove the main theorem for this group Γ .
The author wishes to thank the referee for pointing out that if the condition SignΓ is
non-zero is omitted in Theorem 1.3(ii), then the result holds trivially for uniform lattices
in semisimple Lie groups. Indeed, suppose that Q1 and Q2 are 2-dimensional hyperbolic
orbifolds each having exactly one singular point with orders p and q , respectively, for
distinct primes p and q . Let Γ be the orbifold fundamental group of Q1 × Q2. Since
Q1 ×Q2 is covered by a product of surfaces, SignΓ = 0. On the other hand, there is
exactly one conjugacy class of subgroup in Γ isomorphic to Zpq and such a subgroup
fixes a single point in H2×H2. Thus SignΓ (|S|)= 1/pq and SignΓ 6≡ SignΓ (|S|) mod Z
is trivially true.
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2. Definitions
Let us recall that a group Π is called a n-dimensional Poincare Duality group if Π
satisfy the following conditions:
(i) cd Π <∞;
(ii) Π is of the type FP∞;
(iii) Hn(Π,ZΠ) is infinite cyclic abelian group and Hi(Π,ZΠ)= 0 for all i 6= n.
Π is said to be orientable if Π acts trivially on Hn(Π,ZΠ), and Π is said to be
oriented if we choose a generator of Hn(Π,ZΠ) = Z. Finally, a group Γ is an orientable
n-dimensional virtual Poincare Duality group if some subgroup of finite index is a n-
dimensional Poincare Duality group and Γ acts trivially on Hn(Γ,ZΓ ).
Definition 2.1. Let Γ be an oriented VPD group. Suppose that there exists a finite index
subgroup Π of Γ such that K(Π,1) is a 4n-dimensional oriented closed aspherical
manifold, then we define the Virtual signature of Γ , SignΓ by
SignΓ = SignK(Π,1)[Γ :Π] ,
where SignK(Π,1) denotes the usual definition of signature for an oriented closed smooth
4n-dimensional manifold with orientation on K(Π,1) induced from the orientation of Γ .
Otherwise we define SignΓ to be zero.
Remark 2.2. If Γ is finite, Γ is canonically oriented and Sign Γ = 1/|Γ |.
Proposition 2.3. SignΓ is well defined.
Proof. We only need consider the case when Γ is infinite and SignΓ is nonzero (i.e.,
we are in the case that Γ has a finite index subgroup Π such that K(Π,1) is a 4n-
dimensional oriented closed aspherical manifold). Let H1, H2 be arbitrary subgroups of
finite index with Mi = K(Hi,1), i = 1,2, oriented, closed aspherical 4n-dimnesional
manifolds (with orientation on Mi , i = 1,2 induced from the orientation on Γ ). Let
H =H1 ∩H2 and N =K(H,1). Since Sign(Hi) is the ordinary signature of Mi , i = 1,2,
we have that pI [N] = [Hi :H ]pI [Mi], i = 1,2, where I is a partition (i1, i2, . . . , ir ) of n
and pI = p1i1 · · ·pr ir is a Pontrjagin class in H 4n(Mi,Z). By Hirzebruch Index theorem
[8]
Sign(Mi)=
∑
aIpI [Mi ],
where aI ’s are universal coefficients (rational). Therefore
SignH1
[Γ :H1] =
∑
aIpI [M1]
[Γ :H1] =
∑
aIpI [N]
[Γ :H1][H1 :H ] =
∑
aIpI [N]
[Γ :H ]
=
∑
aIpI [N]
[Γ :H2][H2 :H ] =
∑
aIpI [M2]
[Γ :H2] =
SignH2
[Γ :H2] . 2
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Remark 2.4. Let Γ be an oriented VPD group and d = gcd{[Γ : Γ ′] : Γ ′ is finite index
in Γ and K(Γ ′,1) is 4n-dimensional closed aspherical manifold}. Then we claim that
d ·SignΓ is an integer. It is clear if only one such Γ ′ exist as a finite index subgroup of Γ .
Else, there are atleast two such finite index subgroups Γ1 and Γ2 of Γ with [Γ : Γi] = dmi ,
i = 1,2 and gcd{m1,m2} = 1. Since SignΓ is well defined, we have
SignΓ1
dm1
= SignΓ2
dm2
,
and therefore m1 · SignΓ2 = m2 · SignΓ1. Since gcd{m1,m2} = 1, it follows that
(SignΓi)/mi is an integer and hence d · SignΓ is an integer.
Let G be a finite group acting effectively on a closed aspherical manifold M , i.e., the
group action satisfy for g ∈G, gx = x for all x ∈M implies g = e. Let Π = pi1(M) and
p : M˜→M be the universal cover of M .
Definition 2.5. Define the group of liftings of the G-action on M as the group Γ , defined
by
Γ = {γ ∈ Top(M˜) | ∃g ∈G with p ◦ γ = g ◦ p}.
Proposition 2.6. The group Γ , the group of liftings of G-action on M , is an virtual
Poincare Duality group.
Proof. With Γ as defined in Definition 2.5, we claim that the following sequence
1→Π→ Γ →G→ 1
is exact, where η :Γ →G is given by η(γ )= g where g ∈G satisfy p ◦ γ = g◦p. Let g1
and g2 be two elements of G such that p ◦ γ = g1 ◦p = g2 ◦ p. Let x ∈M and x˜ be a pre-
image of x in M˜ . Then g1 ◦ p(x˜)= g2 ◦ p(x˜). This means g1(x)= g2(x). Since G-action
on M is effective, g1 = g2. This shows that η is well defined. kerη =Π is clear, and η
is onto as for any g ∈ G the map p ◦ g : M˜→M can be lifted to γ : M˜→ M˜ satisfying
p ◦ γ = g◦p. 2
Remark 2.7. If M is an oriented closed aspherical manifold and the effective action of a
finite group G on M is orientation preserving, then the group of liftings Γ is an oriented
VPD group by Shapiro’s lemma [2, p. 73].
Let Γ be a VPD group. Let S be the set of non-trivial finite subgroups of Γ ordered
by inclusion, with Γ acting on it by conjugation. Let |S| denote the ordered simplicial
complex whose vertices are the elements of S and the simplices are the linearly ordered
finite subsets H0 <H1 < · · ·<Hn of S. Further suppose that the Γ -action on |S| satisfy
(i) Every isotropy group Γσ is an orientable VPD group.
(ii) |S| has only finitely many cells mod Γ .
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Definition 2.8. Define equivariant signature of Γ as
SignΓ
(|S|)=∑
σ∈E
(−1)dimσ SignΓσ ,
where E is a set of representative for the cells mod Γ , and each Γσ is oriented arbitrarily.
3. Construction of the group Γ
Let G be a finite group. To construct Γ of Theorem 1.3 we need to construct an
aspherical smooth G-manifold M of dimension 4 satisfying following condition: There
is a positive integer n such that n divides |Gx| for every x ∈M (|Gx| denotes the orbit of
x underG-action) but n does not divide Sign(M).
The standard n-simplex is denoted by σn.
Definition 3.1. A simplicial map is nondegenerate if its restriction to each simplex is
injective (i.e., if no edge is collapsed to a vertex).
Definition 3.2. A simplicial complex over σn is a pair (L,pi) where L is an abstract
simplicial complex and pi :L→ σn is a nondegenerate simplicial map. (This implies that
dimL6 n.)
Example 3.3. Let L be an abstract simplicial complex of dim6 n, and let L′ be its derived
complex. Let d :L→ {0,1,2, . . . , n} be the function which assigns to each simplex its
dimension. As an abstract simplicial complex, σn can be identified with the poset of
nonempty subsets of {0,1,2, . . . , n}. The function d defines a simplicial map L′ → σn.
Hence, the derived complex of any n-dimensional complex is naturally a simplicial
complex over σn.
Construction 3.4 (Davis–Januszkiewicz). Suppose (L,pi) is a simplicial complex over
σn. Davis–Januszkiewicz [4] construct a pair (X,f ) which is a n-dimensional space
over σn such that A(L) = {(x, l): x ∈ X, l ∈ L with f (x) = pi(l)} is aspherical and n-
dimensional and satisfy the following properties.
(1) fL :A(L)→ L, projection on the second factor, induces fL∗ :H∗(A(L))→H∗(L)
which is onto.
(2) If L is a manifold, then so is A(L).
(3) If L is a manifold, then the stable tangent bundle pulls back (via fL) to a stable
tangent bundle of A(L), and fL is a “degree one normal map”.
Remark 3.5. Let a groupG act on L simplicially. Furthermore, if pi satisfy pi(gx)= pi(x)
for all x ∈ L, then the construction of A(L) can be done G-equivariantly as follows.
Take any (x, l) ∈ A(L). Since pi(gl) = pi(l) = f (x), define a G-action on A(L) as
g(x, l)= (x, gl). It is clear that the projection map fL is G-equivariant.
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ConsiderMd = {[z0, z1, z2, z3] ∈CP 3: zd0 + zd1 + zd2 + zd3 = 0}, a nonsingular algebraic
surface in CP 3. M is a compact, oriented manifold of dim 4. The formula for Sign(M) is
known [6, p. 21], to be
Sign(M)= d(4− d
2)
3
. (1)
LetG= Z3×Z3 be generated by the elements g1 = (1,0), g2 = (0,1). Define an action
of G on M15 as follows:
g1.[z0, z1, z2, z3] =
[
e2pi i/3z0, z1, z2, z3
]
,
g2.[z0, z1, z2, z3] = [z0, z3, z1, z2].
It is easy to verify that the fixed point set of the action of the element g1 is
(M15)
g1 = {[0, z1, z2, z3] ∈M15: z151 + z152 + z153 = 0}
and that of the action of the element g2 is
(M15)
g2 = {[z0, z1, z1, z1] ∈M15: z0 6= 0 and z150 + 3z151 = 0}.
Since (M15)g1 ∩ (M15)g2 = ∅ this is a fixed point free action. Therefore |Gx| = 3 or 9 for
every x . On the other hand 3 does not divide SignM15 =−1105 using (1).
By Lefschetz theorem for hyperplanes [9] M15 is simply-connected, and hence not
aspherical. From [7], M15 can be triangulated such that the group G = Z3 × Z3 acts
simplicially on M15. Moreover by going to second derived complex of M15, M15/G has
a simplicial structure such that the quotient map p :M15 → M15/G is simplicial. Let
(M15/G,d) be a simplicial complex over σ 4. (We might have to go to first derived of
M15/G to get d .) Let pi = d ◦p. Then (M15,pi) is a simplicial complex over σ 4. Moreover
pi satisfy pi(gx) = pi(x) for all x ∈ M15. By applying Davis–Januskiewicz construction
equivariantly to this pair we get that A(M15) constructed by Construction 3.4 is an
aspherical example, with SignA(M15) = Sign(M15) by property (3) of the construction.
Since the construction is G-equivariant this ensures that 3 divides |Gx| for x ∈ A(M15)
and 3 does not divide SignA(M15) .
We choose Γ to be the group of liftings of G-action on A(M15).
4. Proof of Theorem 1.3
Proof. With G = Z3 × Z3 acting on A(M15) (as in previous section), let Γ be the
group of liftings. Since G is of odd order, its action on A(M15) is orientation preserving
and therefore Γ is an oriented VPD group. Let Π = Π1A(M15). From the proof of
Proposition 2.6, we get a short exact sequence
1→Π→ Γ →G→ 1.
Therefore SignΓ = SignΠ/9=−1105/9
Let m be the least common multiple of all finite subgroups of Γ . We claim that m= 3,
provingm · SignΓ is not an integer.
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Proof of the claim. Assume that Z3 × Z3 ⊂ Γ . Let X˜ be the universal cover of A(M15).
The Davis–Januszkiewicz construction [4] yields a nonpositively curved space A(M15);
moreover since G is a group of simplicial automorphisms of M15, it acts on A(M15) by
isometries. Hence, X˜ is a CAT(0)-space and Γ is a group of isometries. By the Bruhat–
Tits Fixed Point Theorem [3, p. 157, Theorem 1], the fixed point set of any finite group of
isometries on X˜ is nonempty. In particular X˜Z3×Z3 6= ∅, which is a contradiction. Hence
Z3 × Z3 6⊂ Γ . However we claim that Z3 ⊂ Γ . Let x ∈A(M15) such that g1x = x . Let x˜
be a pre-image of x in X˜. Then there exists a unique lifting γ of g1 such that γ (x˜)= (x˜).
Furthermore γ 3 is a lifting of g31 = id, and hence γ 3 ∈Π . But γ 3(x˜)= (x˜), hence γ 3 = id.
This proves that Z3 is contained inside Γ , and hence part (i) of Theorem 1.3 follows. 2
Denote A(M15) as X. First we show that number of conjugacy classes of finite
subgroups of Γ is finite. To show this we first show that every finite subgroup of Γ is
equal to Γσ for σ a cell of X˜. Let H be any finite subgroup of Γ , since X˜ is a CAT(0)-
space and H = Z3 is a group of isometries by the Bruhat–Tits Fixed Point Theorem [3,
p. 157, Theorem 1], the fixed point set of H action on X˜, X˜H 6= ∅. Let σ be a cell in X˜H ,
then H ⊂ Γσ but Γσ is also non-trivial finite subgroup of Γ (being isomorphic to Gp(σ))
and hence equal to H . (Only finite subgroups of Γ are groups isomorphic to Z3.) Now let
σ1, σ2 ∈ p−1(τ ), where τ is a cell of X . Then σ1 = γ (σ2) for γ ∈ Γ . Its easy to check that
Γσ1 = γΓσ2γ−1. Since X˜/Γ is compact, there are only finitely many τ ’s and only finitely
many conjugacy classes Γσ and hence finitely many conjugacy classes of finite subgroups.
This ensures that the summation in the definition of SignΓ (|S|) is finite.
Observe that |S| is a zero-dimensional simplicial complex with vertices all finite
subgroup of Γ isomorphic to Z3. Since Γ action on |S| is by conjugation, the isotropy
subgroup of any vertex, i.e., Γσ is equal to N(H), the normalizer subgroup of H in Γ
where H correspond to the vertex σ . Therefore to show that SignΓ (|S|) is defined we are
left to show that for H ⊂ Γ , H finite, the normalizer of H , N(H) is an orientable VPD
group. SinceH is finite, C(H), the centralizer subgroup ofH in Γ is finite index subgroup
of N(H). It suffices then to show (i) C(H) is a VPD group and (ii) N(H) is orientable.
We have the following exact sequence
1→Π1(X)→ Γ η→G→ 1.
Observe that H is isomorphic to η(H), and hence is an isomorphic copy of Z3. By Davis–
Januszkiewicz construction [4], X˜H being totally geodesic is also CAT(0) and hence is
contractible. Consequently p(X˜H ) is connected, where p : X˜→ X is the covering map.
Therefore there exist an unique component N of Xη(H) with p(X˜H )⊂ N . We claim that
p(X˜H )=N . Let x ∈N and y ∈ p(X˜H )⊂N .N being connected, let α be a path inN with
α(0)= y and α(1)= x . Let α˜ be the unique lift of α in X˜ with α˜(0)= y˜ where p(y˜)= y .
Now for any g ∈H ,
p(gα˜)= η(g)(pα˜)= α.
By uniqueness of lifting, gα˜ = α˜. Therefore gα˜(1) = α˜(1). This shows that p(α˜(1)) =
x ∈ p(X˜H ). It is also obvious from these arguments that X˜H → N is a covering map.
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Note that Xη(H) is the pullback of Mη(H) in the following asphericalization diagram of
Davis–Januszkiewicz [4].
X M
Y ∆4
. (2)
Hence by [4, p. 359, Proposition 1h.1] pi1(N) injects into pi1(X) which implies that
X˜H →N is an universal covering.
Next we claim that C(H) acts cocompactly on X˜H . Let G denote the group of covering
transformations of X˜H → N (this group is isomorphic to pi1(N)). Since pi1(N) naturally
injects into pi1(X), G is contained in Γ , it is sufficient to show that G is contained in C(H).
Let f ∈ G and g ∈H . Then both fg and gf are liftings of the map η(g) :X→X (see the
diagram below) and since fg(x) = f (x) = gf (x) for x ∈ X˜H , uniqueness of lifting [5,
p. 21, 5.1], implies that fg = gf .
X˜
f
X˜
g
X˜
f
X˜
X
id
X
η(g)
X
id
X
.
This implies that f ∈ C(H) and hence our claim is proved. Therefore G\X˜H →
C(H)\X˜H is a continuous map between compact spaces, showing that G is a finite index
subgroup of C(H). Hence C(H) is a VPD group.
Observe that Xη(H) being the pullback of Mη(H) in the asphericalization diagram (2)
is oriented and hence N is oriented. Fix an orientation on X˜H such that p : X˜H → N is
orientation preserving. Then for any γ ∈C(H) there exists g ∈G such that p ◦ γ = g ◦p.
Since any g ∈G is of odd order its action onMη(H) is orientation preserving, and therefore
action of γ on X˜H is orientation preserving. HenceC(H) is oriented. Next observe that the
image of C(H) and N(H) under the map η are equal. For any element a ∈N(H)−C(H)
there is an element b ∈ C(H) such that η(a) = η(b). Therefore ab−1 ∈ N(H) being an
element of Π1X preserves orientation (as X is oriented and aspherical), and same applies
to a. This shows that N(H) is oriented.
From the calculation of fixed point sets in Section 3, we observe that the dimension of
N is either 0 or 2. Therefore
SignΓ (|S|)=
∑
σ∈|S|/Γ
SignΓσ =
∑
N(H)=H
SignN(H)+
∑
N(H)⊃H
SignN(H)
=
∑
N(H)=H
1
|H | +
∑
N(H)⊃H
SignN(H)= n
3
+ 0,
where n is the number of conjugacy classes of finite subgroups H with N(H) = H .
(For N(H) ⊃ H , N(H) is a 2-dimensional oriented VPD group since G is a finite
index subgroup of N(H) and K(G,1) = N is 2-dimensional. Therefore SignN(H) =
0.) Suppose part (ii) of Theorem 1.3 is false.Then the congruence relation would read
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−1105/9 ≡ n/3 mod Z, or what is same that (3n+ 1105)/9 ∈ Z, i.e., 3n + 1105 = 9k,
where k is any integer. This implies that 3 must divide 1105 which gives a contradiction,
hence part (ii) of Theorem 1.3 follows. 2
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